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Àííîòàöèÿ
Ïóñòü W  íåâûðîæäåííàÿ öåëî÷èñëåííàÿ ìàòðèöà òàêàÿ, ÷òî | det W | > 1 , f  çà-
äàííàÿ íà åäèíè÷íîì ãèïåðêóáå â R d âåùåñòâåííîçíà÷íàÿ ïåðèîäè÷åñêàÿ ïî êàæäîìó
àðãóìåíòó ëèïøèö-íåïðåðûâíàÿ óíêöèÿ. Äëÿ ïîñëåäîâàòåëüíîñòè (f(tW n)) äîêàçàíà
öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà ñ áîëüøèìè óêëîíåíèÿìè ñ ïðîìåæóòêîì äåéñòâèÿ
[1; o (n1/8/ lnn)] .
Êëþ÷åâûå ñëîâà: ïðåäåëüíàÿ òåîðåìà, ýíäîìîðèçìû, áîëüøèå óêëîíåíèÿ.
Â ðàáîòå [1℄ èññëåäîâàíà ñêîðîñòü ñõîäèìîñòè â öåíòðàëüíîé ïðåäåëüíîé òåîðå-
ìå äëÿ ïðåîáðàçîâàíèÿ T t = {tW} , ãäå t ∈ Ωd , Ωd  d-ìåðíûé òîð, W  íåâûðîæ-
äåííàÿ öåëî÷èñëåííàÿ ìàòðèöà, {·}  îáîçíà÷åíèå äðîáíîé äîëè. Öåëüþ íàñòîÿùåé
ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ïðåäåëüíîé òåîðåìû ñ áîëüøèìè óêëîíåíèÿìè
äëÿ ïðåîáðàçîâàíèå T , òî åñòü èññëåäîâàíèå ïîâåäåíèÿ óíêöèè ðàñïðåäåëåíèÿ
Fn(x) = mes
{
t : t ∈ Ωd, 1
σ
√
n
n∑
k=1
f(tW k) < x
}
â ñëó÷àå, êîãäà x ðàñòåò âìåñòå ñ n . Çäåñü mes {·}  ìåðà Ëåáåãà, îïðåäåëåííàÿ
íà ãèïåðêóáå Ωd = {t = (t1, . . . , td) : 0 ≤ ti ≤ 1, i = 1, . . . , d } ; f(t)  âåùå-
ñòâåííîçíà÷íàÿ ïåðèîäè÷åñêàÿ ïî êàæäîìó t1, . . . , td óíêöèÿ, çàäàííàÿ íà Ωd ;
σ2 = lim
n→∞
∫
Ωd
(
1√
n
n∑
k=1
f(tW k)
)2
dt .
àíåå â ðàáîòå [2℄ áûë ïîëó÷åí ðåçóëüòàò àíàëîãè÷íîãî õàðàêòåðà. Â ïðåäïîëî-
æåíèè ñóùåñòâîâàíèÿ ïðåäåëà
lim
n→∞
∞∫
−∞
x2dFn(x) = σ
2 > 0
è ñïðàâåäëèâîñòè óñëîâèé:
1) ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ A > 0 , ÷òî
|f(t)− f(t′)| ≤ A ||t− t′|| , t, t′ ∈ Ωd, ‖t‖ =
(
d∑
i=1
t2i
)1/2
;
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2) ìàòðèöà W òàêîâà, ÷òî
sup
‖t‖<1
‖ tW−1 ‖ < 1, | detW | > 1 ;
3) f èíòåãðèðóåìà ïî Ëåáåãó íà Ωd è
∫
Ωd
f(t) dt = 0 .
àâíîìåðíî îòíîñèòåëüíî x, 0 ≤ x ≤ O
(
n1/10
w(n) ln2 n
)
, èìåþò ìåñòî ñîîòíîøå-
íèÿ äëÿ áîëüøèõ óêëîíåíèé
1− Fn(x) = (1− Φ(x))
(
1 + O
(
(x + 1) ln2 n
n1/10
))
,
Fn(−x) = Φ(−x)
(
1 + O
(
(x+ 1) ln2 n
n1/10
))
,
ãäå óíêöèÿ w òàêîâà, ÷òî lim
n→∞
w(n) =∞ , Φ(x) = 1√
2pi
x∫
−∞
exp(−u2/2) du .
Â ðàáîòå [1℄ äëÿ ïðåîáðàçîâàíèÿ T äîêàçàíà öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà
ñ îñòàòî÷íûì ÷ëåíîì âèäà O
(
n−1/2+ε
)
, ãäå ε  ñêîëü óãîäíî ìàëîå èêñèðîâàííîå
ïîëîæèòåëüíîå ÷èñëî. Èñïîëüçóÿ ýòîò ðåçóëüòàò, ìîæíî ïðîäâèíóòüñÿ äàëüøå ïðè
èññëåäîâàíèè àñèìïòîòè÷åñêîãî ïîâåäåíèÿ óíêöèè 1 − Fn(x) â ñëó÷àå áîëüøèõ
óêëîíåíèé, òî åñòü ðîñòà x âìåñòå ñ n .
Òåîðåìà 1. Åñëè ïðè âûïîëíåíèè óñëîâèé 13 ñóùåñòâóåò ïðåäåë
lim
n→∞
∞∫
−∞
x2dFn(x) = σ
2 > 0,
òî ïðè x ≥ 1 , x = o(n1/8/ lnn) ñïðàâåäëèâû ñîîòíîøåíèÿ
1− Fn(x) = (1− Φ(x))
(
1 + O
(
x lnn
n1/8
))
, Fn(−x) = Φ(−x)
(
1 + O
(
x lnn
n1/8
))
.
Äîêàçàòåëüñòâî. Ïóñòü Q è N  ðàñòóùèå âìåñòå ñ n íàòóðàëüíûå ÷èñëà (èõ
ìû îïðåäåëèì ïîçäíåå), p = [n/(Q+N)] ( [a]  îáîçíà÷åíèå öåëîé ÷àñòè ÷èñëà a),
ηk =
1√
Q
kQ+(k−1)N∑
r=(k−1)(Q+N)+1
f(tW r), 1 ≤ k ≤ p,
η 0k =
1√
Q
k(Q+N)∑
r=kQ+(k−1)N+1
f(tW r), 1 ≤ k ≤ p− 1,
η 0p =
1√
Q
n∑
r=pQ+(p−1)N+1
f(tW r),
ζp =
p∑
r=1
ηr, ζ
0
p =
p∑
r=1
η 0r , ζ̂p =
p∑
r=1
η̂r, ζ̂
0
p =
p∑
r=1
η̂ 0r ,
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ãäå η̂k, η̂
0
k , k = 1, . . . , p ,  âåëè÷èíû, óäîâëåòâîðÿþùèå óñëîâèÿì:
1) mes {t : t ∈ Ωd, η̂k < x} = mes {t : t ∈ Ωd, ηk < x} ;
2)
∫
Ωd
exp
(
i l
σ(Q)
√
p
ζ̂p
)
dt =
p∏
k=1
∫
Ωd
exp
(
i l
σ(Q)
√
p
η̂k
)
dt .
Çäåñü σ2(Q) =
∫
Ωd
(
1√
Q
Q∑
k=1
f(tW k)
)2
dt.
Ïóñòü òàêæå
Fp(x) = mes {t : t ∈ Ωd, ζp
σ(Q)
√
p
> x}, F̂p(x) = mes {t : t ∈ Ωd, ζ̂p
σ(Q)
√
p
> x},
F 0p (x) = mes {t : t ∈ Ωd,
ζ0p
σ(Q)
√
p
> x}, F̂ 0p (x) = mes {t : t ∈ Ωd,
ζ̂ 0p
σ(Q)
√
p
> x},
fp(l) =
∫
Ωd
exp
(
il
σ(Q)
√
p
ζp
)
dt, f̂p(l) =
∫
Ωd
exp
(
il
σ(Q)
√
p
ζ̂p
)
dt,
f0p (l) =
∫
Ωd
exp
(
il
σ(Q)
√
p
ζ 0p
)
dt, f̂ 0p (l) =
∫
Ωd
exp
(
il
σ(Q)
√
p
ζ̂ 0p
)
dt.
×åðåç Ck áóäåì îáîçíà÷àòü â äàëüíåéøåì ïîëîæèòåëüíûå ïîñòîÿííûå.
Äîêàæåì íåîáõîäèìûå âñïîìîãàòåëüíûå óòâåðæäåíèÿ.
Ëåììà 1. Â óñëîâèÿõ òåîðåìû 1 ñïðàâåäëèâà îöåíêà
∫
Ωd
(
m∑
k=1
f(tW k)
)2ν
dt ≤ (C1)2ν(lnm)νmν(2ν)! ,
åñëè ν ≤ C
√
m/lnm , C  íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.
Äîêàçàòåëüñòâî. Çàïèøåì
m∑
k=1
f(tW k) =
K∑
r=1
η˜r(t),
ãäå η˜r(t) =
Nr∑
l=0
f(tW lK+r) , Nr =
[
m− r
K
]
+ 1 , K  íåêîòîðîå ÷èñëî, êîòîðîå ìû
îïðåäåëèì ïîçäíåå.
Äàëåå, ïðèìåíÿåì îáîáùåííîå cr -íåðàâåíñòâî∫
Ωd
(
K∑
r=1
η˜r(t)
)
dt ≤ K2ν−1
K∑
r=1
∫
Ωd
η˜ 2νr (t) dt. (1)
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Ïðîèçâåäåì îöåíêó
∫
Ωd
η˜ 2νr (t) dt . Äëÿ îáëåã÷åíèÿ çàïèñè îáîçíà÷èì f(tW
lK+r) ÷å-
ðåç ξ˜l+1(t) . Èìååì∫
Ωd
η˜ 2νr (t) dt =
∫
Ωd
(
Nr+1∑
l=1
ξ˜l(t)
)2ν
dt =
=
2ν∑
q=1
(2ν)!
q!
∑
ν1+···+νq=2ν,
νi≥1,
1≤k1 6=···6=kq≤Nr+1
1
ν1! · · · νq!
∫
Ωd
ξ˜ ν1k1 (t) · · · ξ˜
νq
kq
(t) dt. (2)
Ôóíêöèÿ f ëèïøèö-íåïðåðûâíà (â ñèëó óñëîâèÿ 1 òåîðåìû). Ñëåäîâàòåëüíî,
âåëè÷èíû ξ˜l(t) ÿâëÿþòñÿ îãðàíè÷åííûìè. Äîïóñòèì, ÷òî |ξ˜l(t)| ≤ B , ãäå B  íåêî-
òîðàÿ ïîñòîÿííàÿ. Èñïîëüçóÿ îãðàíè÷åííîñòü âåëè÷èí ξ˜l(t) , îöåíèì ÷àñòü ñóììû
(2) ñ 1 ≤ q ≤ ν ïðè óñëîâèè, ÷òî ν ≤ Nr + 1 :
ν∑
q=1
(2ν)!
q!
∑
ν1+···+νq=2ν,
νi≥1,
1≤k1 6=···6=kq≤Nr+1
1
ν1! · · · νq!
∫
Ωd
ξ˜ ν1k1 (t) · · · ξ˜
νq
kq
(t) dt ≤
≤ B2ν
ν∑
q=1
(2ν)!
q!
∑
ν1+···+νq=2ν,
νi≥1
(Nr + 1)
q
ν1! · · · νq!
≤
≤ B2ν
ν∑
q=1
(2ν)!
q!
(Nr + 1)
q · eq ≤ (C2
√
e)2ν
(2ν)!
ν!
(Nr + 1)
ν . (3)
Îöåíèì òåïåðü îñòàâøóþñÿ ÷àñòü ñóììû (2) ïðèìåíÿÿ ëåììó 2 èç [2℄:
2ν∑
q=ν+1
(2ν)!
q!
∑
ν1+···+νq=2ν,
νi≥1,
1≤k1 6=···6=kq≤Nr+1
1
ν1! · · · νq!
∫
Ωd
ξ˜ ν1k1 (t) · · · ξ˜
νq
kq
(t) dt ≤
≤ (Be)2ν(C3)νθK
2ν∑
q=ν+1
(2ν)!
q!
(Nr + 1)
q, (4)
ãäå 0 < θ < 1 .
Äàëåå,
2ν∑
q=ν+1
(Nr + 1)
q−ν
q!
≤ (C4)2ν (Nr + 1)
ν
ν!
,
ïîýòîìó èç (2) ñ ó÷åòîì îöåíîê (3) è (4) ïîëó÷èì∫
Ωd
η˜ 2νr (t) dt ≤ (C5)2ν
(2ν)!
ν!
(Nr + 1)
ν
(
1 + θK(Nr + 1)
ν
)
. (5)
Î÷åâèäíî, ÷òî Nνr ≤ 2ν
(m
K
)ν
. Èñõîäÿ èç ýòîãî âåëè÷èíû K è ν áóäåì âûáè-
ðàòü èç óñëîâèÿ
θK
(m
K
)ν
≤ C6. (6)
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Ïðåäïîëîæèì, ÷òî K ≤ m/3 . Òîãäà óñëîâèå (6) áóäåò âûïîëíÿòüñÿ, åñëè
K ∈
(
ν lnm,
m
3
)
. (7)
Ïóñòü K = [ν lnm] + 1 . Åñëè ν ≤ C7m/lnm , òî âûáðàííîå K áóäåò ïðèíàäëå-
æàòü èíòåðâàëó (7). Â òî æå âðåìÿ ν ≤ Nr + 1 . Îòñþäà, òàê êàê Nr ≤ C8m/K ,
ñëåäóåò, ÷òî
ν ≤ C9
√
m
lnm
.
Òàêèì îáðàçîì, îöåíêà ëåììû 1 âåðíà ïðè ν ≤ C9
√
m/lnm .
Ëåììà 1 äîêàçàíà.
Ëåììà 2. Ñïðàâåäëèâà îöåíêà∫
Ωd
exp
(
h
∣∣∣∣∣ 1√Q
Q∑
r=1
f(tW r)
∣∣∣∣∣
)
dt ≤ C10 <∞, (8)
ãäå 0 < h < ε0/
√
lnQ , ε0  äîñòàòî÷íî ìàëîå èêñèðîâàííîå ïîëîæèòåëüíîå
÷èñëî.
Äîêàçàòåëüñòâî. Èìååì:∫
Ωd
exp
(
h
∣∣∣∣∣ 1√Q
Q∑
r=1
f(tW r)
∣∣∣∣∣
)
dt =
∞∑
k=0
hk
k!
∫
Ωd
∣∣∣∣∣ 1√Q
Q∑
r=1
f(tW r)
∣∣∣∣∣
k
dt. (9)
Ïðè k ≤ C9
√
Q/lnQ èç ëåììû 1 ñëåäóåò îöåíêà
∫
Ωd
∣∣∣∣∣ 1√Q
Q∑
r=1
f(tW r)
∣∣∣∣∣
k
dt ≤ (C1)kk! ln k/2Q. (10)
Ïðè k > C9
√
Q/lnQ èñïîëüçóåì î÷åâèäíóþ îöåíêó
∫
Ωd
∣∣∣∣∣ 1√Q
Q∑
r=1
f(tW r)
∣∣∣∣∣
k
dt ≤ C11Qk/2. (11)
Òîãäà èç íåðàâåíñòâ (10), (11) ñëåäóåò∫
Ωd
exp
(
h
∣∣∣∣∣ 1√Q
Q∑
r=1
f(tW r)
∣∣∣∣∣
)
dt ≤ C10 <∞.
Ëåììà 2 äîêàçàíà.
Ëåììà 3. Ñïðàâåäëèâà îöåíêà
mes { t : t ∈ Ωd, 1√
m
∣∣∣∣∣
m∑
r=1
f(tW r)
∣∣∣∣∣ ≥ w} ≤ exp
(
−C12 w
lnλm
)
, (12)
ãäå λ > 1/2  ïîñòîÿííàÿ.
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Äîêàçàòåëüñòâî. Ïî íåðàâåíñòâó Ìàðêîâà
mes
{
t : t ∈ Ωd, 1√
m
∣∣∣∣∣
m∑
r=1
f(tW r)
∣∣∣∣∣ ≥ w
}
≤ 1
mνw2ν
∫
Ωd
∣∣∣∣∣
m∑
r=1
f(tW r)
∣∣∣∣∣
2ν
dt.
Ïóñòü ν ≤ C13
√
m/lnm . Â ýòîì ñëó÷àå, èñïîëüçóÿ îöåíêó èç ëåììû 1, ïîëó÷èì
mes
{
t : t ∈ Ωd, 1√
m
∣∣∣∣∣
m∑
r=1
f(tW r)
∣∣∣∣∣ ≥ w
}
≤ exp
(
−C14 w
lnλm
)
,
åñëè òîëüêî w ≤ C15
√
m lnλ1 m (λ1 > 0, λ− λ1 > 1/2).
Ïîñêîëüêó äëÿ B < w/
√
m
∫
Ωd
(
m∑
r=1
f(tW r)
) 2ν
dt ≤ B2ν mν ,
òî, âûáèðàÿ ν = C16 w/ln
λm , ïîëó÷èì
mes
{
t : t ∈ Ωd, 1√
m
∣∣∣∣∣
m∑
r=1
f(tW r)
∣∣∣∣∣ ≥ w
}
≤ exp
(
−C17 w
lnλm
)
.
Ïîëó÷åííûå îöåíêè äîêàçûâàþò ëåììó 3.
Ëåììà 4. Ïóñòü µ̂ν =
∫
Ωd
(
η1
σ(Q)
)ν
dt , µν  ν -é ìîìåíò íîðìàëüíîé íîðìè-
ðîâàííîé âåëè÷èíû. Òîãäà åñëè
mes
{
t : t ∈ Ωd, 1
σ
√
m
m∑
r=1
f(tW r) < x
}
= Φ(x) + O
(
1
1 + |x|β
1
mα
)
,
ãäå β > 1 , 0 ≤ α < 1/2 , òî
µ̂ν = µν +O
(
(C18)
ν ν! ln(λ+1)ν Q
1
Qα
)
. (13)
Äîêàçàòåëüñòâî. Ââåäåì îáîçíà÷åíèå
FQ(x) = mes
{
t : t ∈ Ωd, η1
σ(Q)
< x
}
.
Ïî óñëîâèþ íàñòîÿùåé ëåììû
FQ(x) = Φ(x) +RQ(x),
ãäå
|RQ(x)| = O
(
1
1 + |x|β
1
Qα
)
. (14)
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Îòñþäà ñëåäóåò
µ̂ν =
∞∫
−∞
xν dΦ(x) +
∞∫
−∞
xν dRQ(x) = µν +
N1∫
−N1
xν dRQ(x) +
∫
|x|>N1
xν dRQ(x). (15)
Îöåíèì èíòåãðàëû, ñòîÿùèå â ïðàâîé ÷àñòè (15). Ïåðâûé èç íèõ îöåíèì, èñ-
ïîëüçóÿ (14): ∣∣∣∣∣∣
N1∫
−N1
xν dRQ(x)
∣∣∣∣∣∣ ≤ C19Nν1 1Qα . (16)
Ïðèìåíÿÿ îöåíêó (12), ìîæíî äîêàçàòü, ÷òî
|RQ(x)| ≤ C20 exp
(
−C21 |x|
lnλQ
)
,
ñëåäîâàòåëüíî,∣∣∣∣∣∣∣
∫
|x|>N1
xν dRQ(x)
∣∣∣∣∣∣∣ = C22
Nν1
Qα
+ C23 ν
+∞∫
N1
xν−1 exp
(
−C21 x
lnλQ
)
dx. (17)
Âûáåðåì N1 = ν ln
(λ+1)Q . Îöåíêè (16) è (17) ïîäñòàâèì â (15). Â ðåçóëüòàòå
ïîëó÷èì óòâåðæäåíèå ëåììû.
Ëåììà 5. Ïóñòü λ(m)(τ) =
∞∑
k=0
λkτ
k
 ðÿä Êðàìåðà
1
, ïîñòðîåííûé äëÿ âåëè-
÷èíû (σ(m)
√
m )
−1
m∑
r=1
f(tW r) . Åñëè
mes
{
t : t ∈ Ωd, 1
σ
√
m
m∑
r=1
f(tW r) < x
}
= Φ(x) + O
(
1
1 + |x|β
1
mα
)
,
ãäå β > 1 , 0 ≤ α < 1/2 , òî
λ(m)(τ) = O
(
ln5m
mα
)
ïðè |τ | ≤ δ/ ln2m (δ  äîñòàòî÷íî ìàëîå ïîëîæèòåëüíîå ÷èñëî) .
Äîêàçàòåëüñòâî. Ïîëîæèì
M(z) =
∞∫
−∞
exp (zx) dΦ(x), K(z) = lnM(z),
M1(z) =
∫
Ωd
exp
(
z
η1
σ(Q)
)
dt, K1(z) = lnM1(z),
1
Cì. [3, ãë. VII,  2℄.
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Ñóùåñòâîâàíèå M1(z) ïðè |z| ≤ ε/
√
lnQ ãàðàíòèðóåòñÿ ëåììîé 2. Çàïèøåì
M1(z) = 1 +
∞∑
ν=2
µ̂ν z
ν
ν!
(18)
Äàëåå, èñïîëüçóÿ àñèìïòîòè÷åñêîå ðàçëîæåíèå (13) èç ëåììû 4, ïîëó÷èì ïðè
|z| ≤ 1/
(
lnλ+1Q
)
M1(z) =M(z) + O
(
ln3(λ+1)Q
Qα
z3
)
,
à òàêæå
M ′1(z) =M
′(z) + O
(
ln3(λ+1)Q
Qα
z2
)
.
Èç ýòèõ ñîîòíîøåíèé ñëåäóåò
K1(z) = K(z) + ln
M1(z)
M(z)
=
z2
2
(
1 + O
(
z
ln3(λ+1)Q
Qα
))
è
K ′1(z) =
M ′1(z)
M1(z)
= z
(
1 + O
(
z
ln3(λ+1)Q
Qα
))
, (19)
òàê êàê M(z) = exp(z2/2) .
åøàÿ îòíîñèòåëüíî z óðàâíåíèå K ′1(z)− τ = 0, ïîëó÷èì
z = z0(τ) = τ
(
1 + O
(
τ
ln3(λ+1)Q
Qα
))
, (20)
åñëè òîëüêî |τ | ≤ 1/
(
lnλ+1Q
)
. Â ñèëó (19) ïðè |τ | ≤ 1/
(
lnλ+1Q
)
èç (20) ñëåäóåò
K1(z0(τ)) =
τ2
2
(
1 + O
(
τ
ln3(λ+1)Q
Qα
))
.
Òàê êàê ðÿä Êðàìåðà λm(τ) îïðåäåëÿåòñÿ èç ñîîòíîøåíèÿ (ñì. ãë. VII [3℄)
K1(z0(τ)) − τz0(τ) = −τ
2
2
+ τ3λm(τ),
ãäå z0(τ) äàåòñÿ ðàâåíñòâîì (20), òî ìû ïîëó÷èì ïðè |τ | ≤ 1/
(
lnλ+1Q
)
λm(τ) =
1
τ
(
1
2
(
1 + O
(
τ
ln3(λ+1)Q
Qα
))
+
1
2
−
(
1 + O
(
τ
ln3(λ+1)Q
Qα
)))
=
= O
(
ln3(λ+1)Q
Qα
)
.
Ïîñêîëüêó λ > 1/2 , òî èç ïîëó÷åííîãî àñèìïòîòè÷åñêîãî ðàâåíñòâà ñëåäóåò
óòâåðæäåíèå ëåììû 5.
ÁÎËÜØÈÅ ÓÊËÎÍÅÍÈß ÄËß ÝÍÄÎÌÎÔÈÇÌÎÂ 203
Ëåììà 6. Ïðè x ≥ 1 , x = O
(
min
(√
N/ lnn,
√
p lnn ln−2N
))
, N = o (Q)
ñïðàâåäëèâà îöåíêà
mes
{
t : t ∈ Ωd, 1
σ(Q)
√
p
∣∣ζ0p ∣∣ > xw√N lnn/Q} = O
(
e−x
2/2
xnw
+
√
p
N
e−C24 Q
)
,
ãäå w  äîñòàòî÷íî áîëüøîå èêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî.
Äîêàçàòåëüñòâî. Èìååì
mes
{
t : t ∈ Ωd, 1
σ(Q)
√
p
ζ̂ 0p > y
}
=
= mes
{
t : t ∈ Ωd, σ(N)
σ(Q)
√
N/Q
1
σ(N)
√
p
p∑
k=1
(√
Q/N η̂ 0k
)
> y
}
. (21)
Äîêàæåì, ÷òî σ(Q) = σ(1 + O(1/Q)) . Çàïèøåì, èñïîëüçóÿ òåîðåìó 18.2.1 [3℄:
σ2(Q) =
∫
Ωd
(
1√
Q
Q∑
k=1
f(tW k)
)2
dt =
=
1
Q
Q ∫
Ωd
f2(tW ) dt+ 2
Q∑
j=1
(Q− j)
∫
Ωd
f(tW ) f(tW j+1) dt
 .
Â ñèëó ëåììû 2 [2℄ èìååì∫
Ωd
f(tW ) f(tW j+1) dt = O(θj), 0 < θ < 1,
ñëåäîâàòåëüíî,
σ2(Q) = σ2(1 + O (1/Q)).
Îòñþäà ñëåäóåò
σ(Q) = σ(1 + O (1/Q)).
Òîãäà ìû ìîæåì çàïèñàòü (21) ñëåäóþùèì îáðàçîì:
F̂
0
p (y) = mes
{
t : t ∈ Ωd, 1
σ(N)
√
p
p∑
k=1
(√
Q/N η̂ 0k
)
> y
√
Q/N +∆1
}
,
ãäå ∆1 = O
(
y
√
Q/N
)
.
Ïðèìåíèì ê ïðàâîé ÷àñòè äàííîãî âûðàæåíèÿ òåîðåìó 1 [4℄ î áîëüøèõ óêëî-
íåíèÿõ äëÿ íåçàâèñèìûõ è ðàçíîðàñïðåäåëåííûõ ñëàãàåìûõ, ïîñëå ÷åãî ïîëó÷èì,
÷òî ðàâíîìåðíî äëÿ âñåõ y
√
Q/N +∆1 èç èíòåðâàëà
[
1,
√
p /w(p)
√
lnN
]
F̂
0
p (y) =
(
1− Φ
(
y
√
Q/N +∆1
))
exp
(y
√
Q/N +∆1)
3
√
p
×
× λp
y
√
Q/N +∆1√
p
 1 + O
y
√
Q/N +∆1√
p
 , (22)
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ãäå λp(u)  ñòåïåííîé ðÿä, ñõîäÿùèéñÿ ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ |u| ðàâ-
íîìåðíî äëÿ âñåõ p , w(p)  óíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ lim
p→∞
w(p) =∞ .
Ñòåïåííîé ðÿä λp(u) çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì (ñì. (10) â [4℄):
λp(u) =
1
6
Γ3p
Γ
1/2
2p
+
Γ4p Γ2p − 3 Γ23p
24 Γ32p
u+ · · · , (23)
ãäå Γkp = p
−1
p∑
j=1
γkj , γkj  ñåìèèíâàðèàíòû ïîðÿäêà k âåëè÷èí
√
Q/N η
0
j , òî åñòü
γkj = (−1)k d
k
dlk
lnϕη0
j
(l)
∣∣∣
l=0
, ãäå ϕη0
j
(l) =
∫
Ωd
exp
(
i l η 0j
)
dt.
Î÷åâèäíî, ÷òî γk1 = · · · = γk, p−1 = γk , ãäå γk  k -é ñåìèèíâàðèàíò ñóììû
N−1/2
N∑
k=1
f(tW k) . Ó÷èòûâàÿ ýòî, à òàêæå íåðàâåíñòâî |n − p (Q + N)| ≤ p (âå-
ëè÷èíû p , Q è N ìû áóäåì âûáèðàòü òàê, ÷òîáû ýòî íåðàâåíñòâî âûïîëíÿëîñü),
ìîæíî ëåãêî ïîêàçàòü, ÷òî äëÿ âñåõ k ñïðàâåäëèâî ðàâåíñòâî Γkp = γk(1+O(1/p)) .
Îòñþäà ïîñëå ïîäñòàíîâêè â (23) ïîëó÷èì ðàâåíñòâî
λp(u) = λ
(N)(u)(1 + O(1/p)),
ãäå λ(N)(u)  ðÿä Êðàìåðà, ïîñòðîåííûé äëÿ âåëè÷èí
√
Q/N η 0j , j = 1, . . . , p .
Èñïîëüçóÿ ïîëó÷åííîå ðàâåíñòâî, ïåðåïèøåì (22) ñëåäóþùèì îáðàçîì:
F̂
0
p (y) =
(
1− Φ
(
y
√
Q/N +∆1
))
exp

(
y
√
Q/N +∆1
)3
√
p
×
× λ(N)
y
√
Q/N +∆1√
p
1 + O
y
√
Q/N +∆1√
p
 .
Ââåäåì îáîçíà÷åíèå
Gp(z) = (1− Φ(z)) exp
(
z3√
p
λ(N)
(
z√
p
))
.
Òîãäà
F̂
0
p (y) = Gp
(
y
√
Q/N +∆1
)1 + O
y
√
Q/N +∆1√
p
 . (24)
Ïåðåéäåì â ïîëó÷åííîì âûðàæåíèè ê âåëè÷èíàì η 0j , j = 1, . . . , p . Ñïðàâåäëèâî
íåðàâåíñòâî∣∣∣∣F 0p (y)− F̂ 0p (y) ∣∣∣∣ ≤ ∆2 + ∣∣∣∣ F̂ 0p (y)− F̂ 0p (y +∆2) ∣∣∣∣+ ∣∣∣∣ F̂ 0p (y)− F̂ 0p (y −∆2) ∣∣∣∣ , (25)
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ãäå ∆2 = L
(
F 0p , F̂
0
p
)
 ðàññòîÿíèå ìåæäó F 0p è F̂
0
p , èçìåðÿåìîå â ìåòðèêå Ëåâè.
Ïî íåðàâåíñòâó èç ðàáîòû [5℄ èìååì
L
(
F 0p , F̂
0
p
)
≤ 1
pi
U∫
0
∣∣∣∣ f 0p (l)− f̂ 0p (l) ∣∣∣∣ dll + 2e lnUU , U > e. (26)
Èç ëåììû 3 ðàáîòû [2℄ âûòåêàåò, ÷òî∣∣∣∣f 0p (l)− f̂ 0p (l)∣∣∣∣ ≤ C25√p/N exp(−C26Q). (27)
Îáîçíà÷èì
√
p/N exp(−C26Q) = α1 . Ïîëîæèì U = α−11 . Èñïîëüçóÿ â èí-
òåðâàëå
[
0,
√
α1
]
òðèâèàëüíóþ îöåíêó
∣∣∣∣f 0p (l)− f̂ 0p (l)∣∣∣∣ ≤ C27 l 2 , à â èíòåðâàëå[√
α1, α
−1
1
]
 îöåíêó (27), çàïèøåì
U∫
0
∣∣∣∣f 0p (l)− f̂ 0p (l)∣∣∣∣ d ll ≤ C27
√
α1∫
0
l dl +
α−1
1∫
√
α1
α1
d l
l
= O(α1).
Èç ïîëó÷åííîé îöåíêè è (26) ñëåäóåò
L
(
F 0p , F̂
0
p
)
= O(α1). (28)
Ïåðåéäåì ê îöåíêå ðàçíîñòåé F 0p − F̂
0
p (y±∆2) . Íåñëîæíî äîêàçàòü ñëåäóþùèå
íåðàâåíñòâà:
|Φ(z +∆)− Φ(z) | ≤ C28 |∆ | exp
(− z2/2) , åñëè | z | ≤ |∆ |−1, (29)
sup
1≤z≤
√
p /
(
w(p)
√
lnN
)
∣∣∣∣λ(N)(z +∆√p
)
− λ(N)
(
z√
p
)∣∣∣∣ ≤ C29 |∆|√p G,
ãäå G =
∞∑
j=0
j |λj | (z/
√
p)j−1 <∞ ,
sup
1≤z≤
√
p /
(
w(p)
√
lnN
)
∣∣∣∣ (z +∆)3√p − z3√p
∣∣∣∣ ≤ C30 |∆|√p
w2(p) lnN
,
èñïîëüçóÿ êîòîðûå, íàõîäèì, ÷òî åñëè 1 ≤ z ≤ min (|∆|−1,√p/(w2(p) lnN)) , òî
Gp(z +∆) =
(
1− Φ(z) + O (∆ exp (−z2/2))) ×
× exp
((
z3√
p
+O
(
∆
√
p
w2(p) lnN
))(
λ(N)
(
z√
p
)
+O
(
∆√
p
)))
+
+ O
(
∆ exp
(−z2/2) exp( (z +∆)3√
p
λ(N)
(
z +∆√
p
)))
. (30)
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Ñîãëàñíî öåíòðàëüíîé ïðåäåëüíîé òåîðåìå äëÿ ýíäîìîðèçìîâ åâêëèäîâà ïðî-
ñòðàíñòâà èç [1℄ ìîæíî âûáðàòü âåëè÷èíó α èç ëåììû 5, ðàâíîé 1/2 − ε , èíà÷å
ãîâîðÿ, ïðè |τ | ≤ δ/ ln2N
λ(N)(τ) = O
(
1/N1/2−ε
)
,
ãäå ε  ñêîëü óãîäíî ìàëîå ïîëîæèòåëüíîå ÷èñëî.
Ïîýòîìó ïðè ∆ = O(1/
√
p ) ìû ïîëó÷èì èç (30), ÷òî åñëè 1 ≤ z ≤ C31
√
p / ln2N ,
òî
Gp(z +∆) = Gp(z) + O(∆). (31)
Èñïîëüçóÿ (24) è (31), èìååì
F̂
0
p (y)−F̂
0
p (y±∆2) = G p
(
p
√
Q/N +∆1
)
−Gp
(
y
√
Q/N +∆1 ±∆2
√
Q/N
)
+
+ O
(
Gp
(
y
√
Q/N +∆1 ±∆2
√
Q/N
) y√Q/N +∆1 ±∆2√Q/N√
p
+
+ Gp
(
y
√
Q/N +∆1
) y√Q/N +∆1√
p
)
=
= O
∆2√Q/N +Gp(y√Q/N +∆1) y
√
Q/N +∆1√
p
, (32)
ãäå 1 < y
√
Q/N +∆1 ≤ C31
√
p ln2N . Èç (25), (29) è (32) âûòåêàåò íåðàâåíñòâî
∣∣∣∣F 0p (y)− F̂ 0p (y) ∣∣∣∣ ≤ C32
∆2√Q/N +Gp(y√Q/N +∆1) y
√
Q/N +∆1
√
p
 . (33)
Íåòðóäíî ïîêàçàòü, ó÷èòûâàÿ (28), ÷òî ïðè 1 ≤ y
√
Q/N ≤ N3/2/(y
√
Q ) èç
íåðàâåíñòâà (33) ñëåäóåò îöåíêà
F 0p (y) ≤ C33 exp
(
−1
2
(
y
√
Q/N
)2)
×
× exp
C34 y3Q3/2√
pN3/2
λ(N)
y
√
Q/N +∆1√
p
 +
+ C34
√
p /N exp (−C26Q) . (34)
Òàê êàê λ(N)(τ) = O
(
1/N 1/2−ε
)
, òî (34) ïåðåïèøåòñÿ òàê:
F 0p (y) ≤ C33 exp
(
−1
2
(
y
√
Q/N
)2
+ C35
y3Q3/2√
pN2−ε
)
+
+ C36
√
p /N exp (−C26Q) . (35)
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Âûáåðåì â (35) y = xw
√
N lnn/Q :
F 0p
(
xw
√
N lnn/Q
)
= O
(
exp
(
−1
2
x2w2 lnn+ C35
x3w3 ln1/2 n√
p /N N1/2−ε
)
+
+ C36
√
p /N exp (−C26Q)
)
.
Îòñþäà, òàê êàê x ≥ 1 , x = O
(
min
(√
N/ lnn,
√
p/ lnn ln−2N
))
, òî
F 0p
(
xw
√
N lnn/Q
)
= O
(
exp
(−x2/2)
xnw
+
√
p /N exp (−C26Q)
)
.
Àíàëîãè÷íî ïðè x ≥ 1 , x = O
(
min
(√
N/ lnn,
√
p/ lnn ln−2N
))
, èìååì
1− F 0p
(
−xw
√
N lnn/Q
)
= O
(
exp
(−x2/2)
xnw
+
√
p /N exp (−C26Q)
)
.
Ëåììà 6 äîêàçàíà.
Ïåðåéäåì ê äîêàçàòåëüñòâó òåîðåìû. Âåëè÷èíû η̂k , k = 1, . . . , p , óäîâëåòâîðÿþò
óñëîâèÿì:
1. mes { t : t ∈ Ωd, η̂k < x} = mes { t : t ∈ Ωd, ηk < x},
2.
∫
Ωd
exp
(
i l
σ(Q)
√
p
p∑
k=1
η̂k
)
dt =
p∏
k=1
∫
Ωd
exp
(
i l
σ(Q)
√
p
η̂k
)
dt .
Ïîýòîìó ê óíêöèè F̂p (x) = mes
{
t : t ∈ Ωd, 1
σ(Q)
√
p
p∑
k=1
η̂k > x
}
ìû ìîæåì
ïðèìåíèòü òåîðåìó î áîëüøèõ óêëîíåíèÿõ äëÿ íåçàâèñèìûõ è îäèíàêîâî ðàñïðå-
äåëåííûõ ñëàãàåìûõ:
F̂p (x) = (1− Φ(x)) exp
(
x3√
p
λ(Q) (x/
√
p )
)
(1 + O (x/
√
p )) (36)
äëÿ âñåõ x èç
[
1,
√
p /(w(p)
√
lnQ)
]
.
Èç ëåììû 3 ðàáîòû [2℄ ñëåäóåò, ÷òî
| fp (l)− f̂p (l) | ≤ C37
√
p /Q exp (−C38N) . (37)
Èñïîëüçóÿ (37), îöåíèì ðàçíîñòü F̂p (x)−Fp (x) . Ïðîöåäóðà îöåíêè àíàëîãè÷íà
îöåíêå ðàçíîñòè F̂
0
p (x) − F̂p (x) (ñì. (25)(33)). àññòîÿíèå L(Fp , F̂p ) ïî ìåòðèêå
Ëåâè ìåæäó Fp è F̂p îöåíèâàåòñÿ ïî îðìóëå
L(Fp , F̂p ) ≤ 1
pi
U∫
0
∣∣∣ fp(l)− f̂p(l) ∣∣∣ d l
l
+ 2e
lnU
U
.
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Îáîçíà÷èì
√
p /Q exp (−C38N) = α2 è âûáåðåì U = α−12 . Çàòåì, èñ-
ïîëüçóÿ (37) è òðèâèàëüíóþ îöåíêó
∣∣∣ fp (l)− f̂p (l) ∣∣∣ ≤ C39 l 2 , ïîëó÷èì, ÷òî
L(Fp , F̂p ) = O (α2) . Èç ýòîé îöåíêè è ðàâåíñòâà (36) ñëåäóåò
Fp(x) = F̂p(x) + O
(√
p
Q
exp (−C38N) + (1− Φ(x)) exp
(
x3√
p
λ(Q)
(
x√
p
))
x√
p
)
.
(38)
Äàëåå, îöåíèì ïîãðåøíîñòü, âîçíèêàþùóþ ïðè çàìåíå â (38) Fp (x) íà
mes
{
t : t ∈ Ωd, 1
σ(Q)
√
pQ
n∑
k=1
f(tW k) > x
}
.
Èìååì
Fp (x + α3) + 2θ1mes
{
t : t ∈ Ωd, 1
σ(Q)
√
p
∣∣ζ 0p ∣∣ > α3} ≤
≤ mes
{
t : t ∈ Ωd, 1
σ(Q)
√
pQ
n∑
k=1
f(tW k) > x
}
≤
≤ Fp(x− α3) + 2θ2 mes
{
t : t ∈ Ωd, 1
σ(Q)
√
p
∣∣ ζ 0p ∣∣ > α3}, (39)
ãäå α3 = xw
√
N lnn/Q , | θ1 | , | θ2 | ≤ 1 .
Ïî ëåììå 6
mes
{
t : t ∈ Ωd, 1
σ(Q)
√
p
∣∣ζ 0p ∣∣ > α3} = O
(
exp
(−x2/2)
xnw
+
√
p /N exp (−C24Q)
)
,
åñëè x ≥ 1 , x = O
(
min
(√
N/ lnn,
√
p/ lnn ln−2N
))
. Ïîýòîìó, ïðèìåíèâ îð-
ìóëó (38), ìû ïîëó÷èì èç (39):
mes
{
t : t ∈ Ωd, 1
σ(Q)
√
p Q
n∑
k=1
f(tW k) > x
}
=
= (1− Φ(x + θ3α3)) exp
(
(x+ θ3α3)
3
√
p
λ(Q)
(
x+ θ3α3√
p
)) (
1 + O
(
x+ θ3α3√
p
))
+
+ O
(√
p
Q
exp (−C38N) + (1− Φ(x)) exp
(
x3√
p
λ(Q)
(
x√
p
))
x√
p
+
+
√
p
N
exp (−C24Q) +
exp
(−x2/2)
xnw
)
, (40)
ðàâíîìåðíî îòíîñèòåëüíî x , x ≥ 1 , x = O
(
min
(√
N/lnn,
√
p /
(√
lnn ln2N
)))
.
Èç îöåíêè (29) ñëåäóåò, ÷òî ïðè x ≤ C40(N lnn/Q)−1/4
Φ(x + θ3α3)− Φ(x) = O
(
x
√
N lnn/Q exp
(−x2/2)). (41)
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Ïî ëåììå 5 λ(Q)(τ) = O
(
1/Q1/2−ε
)
, åñëè |τ | ≤ δ/ ln2Q . Ïîýòîìó
exp
(
(x + θ3α3)
3
√
p
λ(Q)
(
x+ θ3α3√
p
))
= 1 +O
(
x3
√
p Q1/2−ε
)
, (42)
åñëè x ≥ 1 , x = O
(
min
(√
p ln2Q, p1/6Q1/6−ε/w(p)
))
.
Èñïîëüçóÿ (41), (42), èç (40) ïîëó÷èì:
mes
{
t : t ∈ Ωd, 1
σ(Q)
√
pQ
n∑
k=1
f(tW k) > x
}
=
= (1− Φ(x))
(
1 + O
(
x2
√
N lnn/Q
))(
1 + O
(
x3
√
p Q1/2−ε
))
(1 + O(x/
√
p )) +
+ O
(√
p
Q
exp (−C38N) + (1− Φ(x))
(
x√
p
+
x4
p Q1/2−ε
)
+
√
p
N
exp (−C24Q) +
+
exp
(−x2/2)
xnw
)
= (1− Φ(x))
(
1 + O
(
x2
√
N lnn/Q+
x3
√
p Q1/2−ε
+
x√
p
+
+
1
1− Φ(x)
√
p
Q
exp (−C38N) + 1
1− Φ(x)
√
p
N
exp (−C24Q) + 1
nw
))
, (43)
ãäå x ≥ 1 , x = O
(
min
(√
N
lnn
,
(
Q1/4
N lnn
)1/4
,
√
p
√
lnn ln2N
,
p1/6Q1/6−ε
w(p)
))
.
Äàëåå, ïðè x ≤
√
exp (−C38N) èìååì îöåíêè√
p/Q exp (−C38N)
1− Φ(x) = O
(√
p/Qx exp (−C38N/2)
)
,√
p/N exp (−C24Q)
1− Φ(x) = O
(√
p/N x exp (−C24Q/2)
)
.
(44)
Âûáåðåì N = [n1/4 ] , Q = [n3/4 ln2 n ] , à p  èç óñëîâèÿ
|n− p (Q+N) | ≤ p. (45)
Çàòåì ïîäñòàâèì â (43) âûáðàííûå N , p , Q è îöåíêè (44). Â ðåçóëüòàòå ïîëó÷èì,
÷òî ðàâíîìåðíî îòíîñèòåëüíî x , x ≥ 1 , x = o (n1/8 lnn)
mes
{
t : t ∈ Ωd, 1
σ(Q)
√
p Q
n∑
k=1
f(tW k) > x
}
= (1−Φ(x))
(
1 + O
(
x lnn
n1/8
))
. (46)
Èç óñëîâèÿ (45) ñëåäóåò, ÷òî (n/(pQ))
1/2
= 1+O(N/Q). Èñïîëüçóÿ ýòó îöåíêó
è îöåíêó σ(Q) = σ(1 + O (1/Q)) , çàìåíèì â ðàâåíñòâå (46) σ(Q) íà σ è pQ íà n .
Òàêèì îáðàçîì, ïîëó÷èëè îðìóëó
1− Fn(x) = (1− Φ(x))
(
1 + O
(
x lnn
n1/8
))
,
ãäå x ≥ 1 , x = o (n1/8/ lnn) .
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îðìóëû
Fn(−x) = Φ(−x)
(
1 + O
(
x lnn
n1/8
))
,
ãäå x ≥ 1 , x = o (n1/8/ lnn) , äîñòàòî÷íî çàìåíèòü f(tW k) íà −f(tW k) , k = 1, 2, . . .
Òåîðåìà äîêàçàíà.
Summary
V.T. Dubrovin. Large Deviations in the Central Limit Theorem for Endomorphisms
of Eulidean Spae.
Let W be suh a nonsingular integer matrix that | detW | > 1 ; f is a real-valued periodi
for every argument Lipshitz-ontinuous funtion dened on the unit hyperube from R d .
For a sequene (f(tW n)) , we prove the entral limit theorem with large deviations within the
interval [1; o (n1/8/ ln n)] .
Key words: limit theorem, endomorphisms, large deviations.
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